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a b s t r a c t
MacGillivary and Seyffarth [G. MacGillivray, K. Seyffarth, Domination numbers of planar
graphs, J. Graph Theory 22 (1996) 213–229] proved that planar graphs of diameter two
have domination number atmost three. Goddard and Henning [W. Goddard, M.A. Henning,
Domination in planar graphswith small diameter, J. Graph Theory 40 (2002) 1–25] showed
that there is a unique planar graph of diameter two with domination number three. It
follows that the total domination number of a planar graph of diameter two is at most
three. In this paper, we consider the problemof characterizing planar graphswith diameter
two and total domination number three. We say that a graph satisfies the domination-
cycle property if there is some minimum dominating set of the graph not contained in
any induced 5-cycle. We characterize the planar graphs with diameter two and total
domination number three that satisfy the domination-cycle property and show that there
are exactly thirty-four such planar graphs.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Domination and its variations in graphs are now well studied. A dominating set of a graph G is a set S of vertices of G
such that every vertex v of G is either in S or adjacent to a vertex of S. The domination number of G, denoted γ (G), is the
minimum cardinality of a dominating set of G. The literature on domination has been surveyed in the two books by Haynes,
Hedetniemi, and Slater [4,5].
Total domination in graphs was introduced by Cockayne, Dawes, and Hedetniemi [1] and is now well studied in graph
theory (see, for example, [6–9,11] for recent papers on this topic). A total dominating set, denoted TDS, of a graph G = (V , E)
with no isolated vertex is a set S of vertices of G such that every vertex is adjacent to a vertex in S. Every graph without
isolated vertices has a TDS, since S = V is such a set. The total domination number of G, denoted by γt(G), is the minimum
cardinality of a TDS. A TDS of G of cardinality γt(G) is called a γt(G)-set.
The decision problem to determine the domination number and total domination number of a graph remains NP-hard
even when restricted to cubic graphs or planar graphs of maximum degree 3 [2]. Hence it is of interest to determine upper
bounds on the domination number and total domination number of a graph. A tree of radius 2 and diameter 4 can have
arbitrarily large (total) domination number. So the interesting question is what happens when the diameter is 2 or 3.
This restriction is reasonable to impose because planar graphs with small diameter are often important in applications.
MacGillivray and Seyffarth [10] proved that planar graphs with diameter two or three have bounded domination numbers.
In particular, this implies that the domination number of such a graph can be determined in polynomial time. On the
other hand, they observed that in general graphs with diameter 2 have unbounded (total) domination number. Specifically,
MacGillivray and Seyffarth [10] established the following result.
Theorem 1 ([10]). If G is a planar graph with diam(G) = 2, then γ (G) ≤ 3.
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Fig. 1. A planar graph G9 of diameter 2 with domination number 3.
Goddard and Henning [3] showed that there is a unique planar graph of diameter two with domination number three.
Theorem 2 ([3]). If G is a planar graph with diam(G) = 2, then γ (G) ≤ 2 or G = G9 where G9 is the graph of Fig. 1.
As an immediate consequence of Theorem 2, we have the following result.
Theorem 3 ([3]). If G is a planar graph with diam(G) = 2, then γt(G) ≤ 3.
Our aim in this paper is to study the problem of characterizing planar graphs with diameter two and total domination
number three. Such a characterization seems difficult to obtain since there are infinitely many such graphs. In this paper,
we therefore restrict our attention to planar graphs with certain structural properties. We say that a graph G satisfies the
domination-cycle property if there is some γ (G)-set not contained in any induced 5-cycle of G. We characterize the planar
graphs with diameter two and total domination number three that satisfy the domination-cycle property.
1.1. Notation
For notation and graph theory terminology we in general follow [4]. Specifically, let G = (V , E) be a graph with vertex
set V of order n and edge set E. For a set S ⊆ V , the subgraph induced by S is denoted by G[S]. The S-external private
neighborhood epn(v, S) of a vertex v ∈ S is defined by pn(v, S) = {u ∈ V | N(u) ∩ S = {v}}, and each element of epn(v, S)
is called an S-external private neighbor of v. The open neighborhood of vertex v ∈ V is denoted by N(v) = {u ∈ V | uv ∈ E}
while its closed neighborhood is given by N[v] = N(v) ∪ {v}. For a set S ⊆ V , N(S) = ⋃v∈S N(v) and N[S] = N(S) ∪ S. If
X, Y ⊆ V , then the set X is said to dominate the set Y if Y ⊆ N[X], while X is said to totally dominate the set Y if Y ⊆ N(X).
If Y = {v} and X dominates Y , we simply write that X dominates v. We note that if X dominates V , then N[X] = V and X is
a dominating set of G, and if X totally dominates V , then N(X) = V and X is a total dominating set of G. For disjoint subsets
U andW of V , we let [U,W ] denote the set of all edges of G joining a vertex of U and a vertex ofW . We denote the degree
of a vertex v in G by dG(v), or simply by d(v) if the graph G is clear from the context.
For two vertices u and v in a connected graph G, the distance dG(u, v) between u and v is the length of a shortest u–v path
in G. For a set S ⊆ V and a vertex v ∈ V , the distance dG(v, S) between v and S is the minimum distance between v and a
vertex of S. If a vertex u is adjacent to a vertex v, we write u ∼ v, while if u and v are nonadjacent, we write u 6∼ v. If v is
adjacent to no vertex in a set A ⊆ V (G) then we write v 6∼ A and if v is adjacent to every vertex in A then we write v ∼ A.
A plane graph is a planar graph together with an embedding in the plane. From the Jordan Closed Curve Theorem, we
know that a cycle C in a plane graph separates the plane into two regions, the interior of C and the exterior of C . If a vertex
lies in the interior of C , we simply say that v lies inside C . We denote the set of vertices in the interior and exterior of C
by int(C) and ext(C), respectively. A plane graph divides the plane into regions which we call faces. The unbounded region
is called the exterior face and the other regions are called interior faces. If f is a face of a plane graph G, then we can write
f = [u1, u2, . . . , uk]where u1, u2, . . . , uk are the vertices on the boundary walk of f in clockwise order.
2. The familyF
Let F1 be the graph shown in Fig. 2 with three specified vertices c1, c2 and c3 as indicated. Let E∗1 = {c1c2, c1c3, c2c3}. Let
F1 be the family of eight graphs defined by F1 = {F | V (F) = V (F1) and E(F) = E(F1) ∪ E1 where E1 is any subset of E∗1 }.
Let F2 be the graph shown in Fig. 2with four specified vertices c1, c2, c3 and c4 as indicated. Let E∗2 = {c1c2, c2c3, c3c4, c4c1}.
Let F2 be the family of sixteen graphs defined by F2 = {F | V (F) = V (F2) and E(F) = E(F2) ∪ E2 where E2 is any subset
of E∗2 }.
Let F3 be the family of nine graphs shown in Fig. 3. Let F be the family of thirty-four graphs defined by F = F1 ∪ F2 ∪
F3 ∪ {G9}, where G9 is the graph of Fig. 1.
3. Main result
We shall prove:
Theorem 4. Let G be a planar graph of diameter two that satisfies the domination-cycle property. Then, γt(G) = 3 if and only if
G ∈ F .
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Fig. 2. The graphs F1 and F2 .
Proof. It is a simple exercise to check that every graph in the familyF is a planar graph of diameter two and total domination
number three that satisfies the domination-cycle property. This establishes the sufficiency. To prove the necessity, let G be a
planar graph with diam(G) = 2 that satisfies the domination-cycle property and suppose that γt(G) = 3. If γ (G) = 3, then,
by Theorem 2, G = G9 ∈ F . Hence we may assume that γ (G) = 2. Since G satisfies the domination-cycle property, there is
a γ (G)-set {a, b} not contained in any induced 5-cycle of G. If a and b are adjacent, then γt(G) = 2, a contradiction. Hence,
d(a, b) = 2. Let C = N(a) ∩ N(b), and let A = N(a) \ C and B = N(b) \ C . Since d(a, b) = 2, the set C is non-empty. Let
c1 ∈ C . If A = ∅, then {b, c1} is a TDS of G and γt(G) = 2, a contradiction. Hence, A is non-empty. Similarly, B is non-empty.
Let
A = {a1, . . . , a|A|},
B = {b1, . . . , b|B|},
C = {c1, . . . , c|C |}.
We begin with two preliminary claims that we will need throughout the proof.
Claim A. |N(c) ∩ A| < |A| and |N(c) ∩ B| < |B| for all c ∈ C.
Proof. If |N(c) ∩ A| = |A| for some c ∈ C , then {b, c} is a TDS of G, contradicting γt(G) = 3. Hence, |N(c) ∩ A| < |A| for all
c ∈ C , and similarly for the set B. 
Claim B. |N(v) ∩ (B ∪ C)| ≥ 1 for all v ∈ A and |N(v) ∩ (A ∪ C)| ≥ 1 for all v ∈ B.
Proof. If |N(v)∩ (B∪C)| = 0 for some v ∈ A, then d(b, v) > 2, contradicting diam(G) = 2. Similarly, if N(v)∩ (A∪C)| = 0
for some v ∈ B, then d(a, v) > 2, a contradiction. 
In what follows, we may assume that the graph G is embedded in the plane as a plane graph. We consider two cases
depending on the number of edges between A and B.
Case 1. |[A, B]| = 0.
We show that in this case, G ∈ F1 ∪ F2. We proceed further with a series of claims which we may assume the graph G
to satisfy.
Claim C. |A| ≥ 2, |B| ≥ 2, and |C | ≥ 2.
Proof. As established earlier, each of A, B, and C is non-empty. Suppose that |C | = 1, and so C = {c1}. Since |[A, B]| = 0
and diam(G) = 2, every vertex in A ∪ B is adjacent to c1, contradicting Claim A. Hence, |C | ≥ 2. Suppose that |A| = 1, and
so A = {a1}. By Claim B and since |[A, B]| = 0, there exists a vertex in C adjacent to a1. We may assume that a1 ∼ c1. But
then, {b, c1} is a TDS of G, contradicting γt(G) = 3. Thus, |A| ≥ 2 and similarly |B| ≥ 2. 
Claim D. |N(v) ∩ C | = 2 for all v ∈ A ∪ B.
Proof. By Claim B and since |[A, B]| = 0, we have that |N(v)∩C | ≥ 1 for all v ∈ A. Suppose that |N(v)∩C | = 1 for some v ∈
A. Wemay assume thatN(v)∩C = {c1}. Since diam(G) = 2 and |[A, B]| = 0, every vertex in B is adjacent to c1, contradicting
Claim A. Hence, |N(v) ∩ C | ≥ 2 for all v ∈ A. Suppose that |N(v) ∩ C | ≥ 3 for some v ∈ A. Let {c1, c2, c3} ⊆ N(v) ∩ C .
But then G contains a subgraph isomorphic to K3,3 (with vertices a, b, and v in one partite set, and c1, c2, and c3 in the other
partite set), contradicting the planarity of G. Hence, |N(v)∩ C | = 2 for all v ∈ A. Similarly, |N(v)∩ C | = 2 for all v ∈ B. 
Let f ′ be a region of the plane graph G such that f ′ = [a, ci, b, cj] for some ci, cj ∈ C with no other vertex from C in f ′.
Claim E. There is at most one vertex of A in f ′ and at most one vertex of B in f ′.
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Fig. 3. The family F3 .
Proof. Suppose A contains two vertices that both lie in f ′. By Claim D and the definition of the set A, both these two vertices
are adjacent to all the vertices in {a, ci, cj}, contradicting the planarity of G. Hence, there is at most one vertex from A in f ′
and similarly at most one vertex from B in f ′. 
As an immediate consequence of Claims A and D, we have the following result.
Claim F. |C | > 2.
Claim G. If |C | = 3, then G ∈ F1.
Proof. Suppose that |C | = 3, and so C = {c1, c2, c3}. Let G′ be the K2,3-subgraph of G consisting of the vertices {a, b}∪C and
the edges between the sets {a, b} and C . Since K2,3 has an essentially unique embedding in the plane we refer to G′ rather
than some particular embedding of G′. We label the faces of G′ as follows. Let f0 be the exterior face, f1 = [a, c1, b, c2], and
f2 = [a, c2, b, c3]. Wemay assume, renaming vertices in C if necessary, that b1 ∈ B lies in face f1 of G′. By Claim D, the vertex
b1 is adjacent to the vertices c1 and c2.
Since |B| ≥ 2, the vertex b2 ∈ B \ {b1} lies in either face f0, f1, or f2. By Claim E, b2 is not in face f1 and so we may assume,
without loss of generality, that b2 lies in face f2. By Claim D, b2 is adjacent to both c2 and c3. By Claim E, no other vertex of B
lies inside f1 or f2. Hence, N(c2)∩ B = {b1, b2}. Thus, by Claim A, there exists a vertex b3 ∈ B \ {b1, b2} in face f0. By Claim D,
b3 is adjacent to vertices c1 and c3. Thus, |B| = 3. Similarly, we have |A| = 3 and, renaming vertices of A if necessary, wemay
assume that a1 lies in face f1, a2 lies in face f2, and a3 lies in face f0. Hence, a1 is adjacent to vertices c1 and c2, a2 is adjacent
to vertices c2 and c3, and a3 is adjacent to vertices c1 and c3. The subgraph of G induced by all its edges, except any edges
between vertices in C , gives the graph F1, and so G ∈ F1. 
Claim H. If |C | ≥ 4, then G ∈ F2.
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Proof. Suppose that |C | ≥ 4 and let C ′ = {c1, c2, c3, c4} ⊆ C . Let G′ be the K2,4-subgraph of G consisting of the vertices
{a, b}∪C ′ and the edges between {a, b} and C ′. SinceK2,4 has an essentially unique embedding in the plane,we simply refer to
G′ rather than to a particular embedding of G′. We label the faces of G′ as follows. Let f0 be the exterior face, f1 = [a, c1, b, c2],
f2 = [a, c2, b, c3], and f3 = [a, c3, b, c4]. We may assume, renaming vertices in C if necessary, that b1 ∈ B lies in face f2 of G′.
By Claim D, the vertex b1 is adjacent to vertices c2 and c3.
Since |[A, B]| = 0, every vertex of A is at distance 2 from the vertex b1. Thus, every vertex of A is adjacent to c2 or c3.
Hence, by the planarity of G, every vertex of A is in face f1, f2, or f3.
We show next that |A| = 2 and |B| = 2. By Claim E and our observation that every vertex of A is in face f1, f2 or f3, we
have that |A| ≤ 3. Suppose that |A| = 3, and so A = {a1, a2, a3}. Then we may assume without loss of generality, that ai lies
in face fi of G′, for 1 ≤ i ≤ 3. Since a2 lies in face f2, we have by Claim D that a2 ∼ c2 and a2 ∼ c3. Since d(a2, b2) = 2, either
b2 ∼ c2 or b2 ∼ c3, and thus b2 lies in face f1 or f3. We may assume, without loss of generality, that b2 lies in face f1. Thus,
b2 ∼ c1 and b2 ∼ c2. But then d(a3, b2) = 3, contradicting diam(G) = 2. Hence, |A| = 2. Similarly, |B| = 2.
Suppose that some vertex of A, say a1, lies in face f2. By Claim E, the vertex a2 ∈ Amust lie in face f1 or f3. Wemay assume
that a2 lies in face f3. Consequently, c3 is adjacent to both vertices a1 and a2, and so |N(c3)∩ A| = |A|, contradicting Claim A.
Hence, no vertex of A lies in face f2.
We may thus assume that a1 lies in face f1 and a2 lies in face f3. The vertex a1 is adjacent to vertices c1 and c2, and the
vertex a2 is adjacent to vertices c3 and c4. Since d(a1, b2) = 2 and d(a2, b2) = 2, we have that b2 is adjacent to one vertex
from {c1, c2} and one vertex from {c3, c4} and, by Claim E, b2 does not lie in face f2. Hence, b2 lies in f0 and is adjacent to
vertices c1 and c4. Therefore, by the planarity of G, |C | = 4. The subgraph of G induced by all its edges, except any edges
between vertices in C , gives the graph F2 and so G ∈ F2. 
Hence if |[A, B]| = 0, then by Claims G and H, we have that G ∈ F1 ∪ F2.
Case 2. |[A, B]| ≥ 1.
We show that in this case, G ∈ F3. We proceed further with a series of claims which we may assume the graph G to
satisfy.
Claim I. If u ∈ A and v ∈ B are adjacent vertices, then every vertex in C is adjacent to at least one of u and v.
Proof. If some vertex c ∈ C is adjacent to neither u nor v, then a, c, b, v, u, a is an induced 5-cycle, contradicting the as-
sumption that the γ (G)-set {a, b} is not contained in any induced 5-cycle of G. 
Since |[A, B]| ≥ 1, there is at least one edge between A and B. Renaming vertices, if necessary, we may assume that
a1 ∼ b1.
Claim J. |C | = 2.
Proof. Suppose that |C | ≥ 3 and consider the subset {c1, c2, c3} ⊆ C . By the planarity of G, at least one of c1, c2, and c3 is
adjacent to neither a1 nor b1, contradicting Claim I. Hence, |C | ≤ 2. Thus it suffices for us to show that |C | 6= 1. Assume, to
the contrary, that |C | = 1, and so C = {c1}. Let A1 denote the set of vertices in A that are adjacent to c1 and let A2 = A \ A1.
Let B1 denote the set of vertices in B that are adjacent to c1 and let B2 = B \B1. By Claim A, the sets A2 and B2 are non-empty.
By Claim I, at least one of a1 and b1 is adjacent to c1, say a1. Wemay assume that the edge a1c1 lies in the interior of the cycle
Ca1b1 : a, c1, b, b1, a1, a.
Claim J.1. d(b1, A2) ≥ 2.
Proof. We may assume that a2 ∈ A2. Suppose that a2 ∼ b1. We may assume that a1 lies in the interior of the cycle a, a2,
b1, b, c1, a. By the planarity of G, the vertex a2 must lie in the exterior of Ca1b1 . By Claim I and since a2 6∼ c1, we have that
b1 ∼ c1. We show that the edge b1c1must lie in the interior of Ca1b1 . Suppose that the edge b1c1 lies in the exterior of Ca1b1 . By
Claim A, there exists a vertex in B not adjacent to c1. Wemay assume that b2 ∈ B is such a vertex, and so b2 6∼ c1 and b2 ∈ B2.
By Claim B, b2 lies in the interior of Ca1b1 and b2 ∼ a1. Now, {a1, b1} is a TDS of G[{a, b, a1, a2, b1, b2, c1}]. Thus there exists
a vertex x ∈ A ∪ B not dominated by {a1, b1}. On the one hand, if x ∈ A, then x lies in the exterior of the cycle a1, c1, b,
b1, a1, whence d(x, b2) > 2. On the other hand, if x ∈ B, then x lies in the interior of the cycle a1, c1, b1, a1, whence
d(x, a2) > 2. Both cases contradict the diameter constraint of G. Hence, the edge b1c1 lies in the interior of Ca1b1 .
By Claim A, there exists a vertex in B not adjacent to c1. We may assume that b2 ∈ B is such a vertex, and so b2 6∼ c1 and
b2 ∈ B2. By Claim B, b2 lies in the exterior of Ca1b1 . Since c1 is adjacent to neither a2 nor b2, we have that a2 6∼ b2 by Claim I.
If b1 6∼ b2, then since b2 lies in the exterior of the cycle Cb1a2 : a, c1, b1, a2, awhile a1 lies in the interior of the cycle Cb1a2 , we
have that d(a1, b2) > 2, a contradiction. Hence, b1 ∼ b2.
Since b2 6∼ {a1, a2, c1}, by Claim B there exists a vertex in A\ {a1, a2} that is adjacent to b2. Wemay assume that a3 ∈ A is
such a vertex, and so a3 ∼ b2. We may assume that c1 lies in the interior of the cycle a, a3, b2, b1, a1, a. By Claim I, a3 ∼ c1.
Thus, {b1, c1} is a TDS of G[{a, b, a1, a2, a3, b1, b2, c1}]. Hence there exists a vertex y ∈ A ∪ B not dominated by {b1, c1}. On
the one hand, suppose that y ∈ A. By Claim B, y does not lie in the interior of a, a1, c1, a3, a or the interior of a, a1, b1, a2, a.
Hence, by the planarity of G, the vertex y lies in the interior of the cycle a, a2, b1, b2, a3, a. Hence by Claim B, y ∼ b2. Since
c1 is adjacent to neither y nor b2, we contradict Claim I. On the other hand, suppose that y ∈ B. By the planarity of G and
Claim B, the vertex y lies in the exterior of the cycle b, b2, a3, c1, b. But then d(a1, y) > 2, contradicting diam(G) = 2. Since
both cases produce a contradiction, we deduce that a2 6∼ b1. 
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Claim J.2. If v ∈ B ∩ N(b1), then d(v, A2) ≥ 2.
Proof. Suppose that d(v, A2) = 1. Renaming vertices, if necessary, wemay assume that b2 ∈ B∩N(b1), a2 ∈ A2, and a2 ∼ b2.
Further we may assume that the vertex c1 lies in the exterior of the cycle Ca2,b2 : a, a1, b1, b2, a2, a. By Claim I, b2 ∼ c1. Thus,{b2, c1} is a TDS of G[{a, a1, a2, b, b1, b2, c1}]. Hence there exists a vertex x ∈ A2 ∪ B2 not dominated by {b2, c1}.
Suppose that x ∈ A2. By Claim B, x does not lie in the interior of the cycle a, c1, a1, a. If x lies in the interior of the cycle
a, a1, b1, b2, a2, a, then x ∼ b1 by Claim B, contradicting Claim J.1. Hence, x lies in the exterior of the cycle a, c1, b2, a2, a.
But then since a2 6∼ b1 by Claim J.1, we have that d(x, b1) > 2, contradicting diam(G) = 2. Hence, x 6∈ A2.
Thus, x ∈ B2. By Claim B, x does not lie in the interior of the cycle b, b1, b2, c1, b or in the interior of the cycle b, b1, b2, b.
Hence, x lies in the interior of the cycle a1, c1, b, b1, a1 and x ∼ a1. Since a2 6∼ {b, b1, c1} and d(x, a2) ≤ 2, we therefore have
that a1 ∼ a2. Thus, {a1, c1} is a TDS of G[a, a1, a2, b, b1, b2, c1, x]. Hence there exists a vertex y ∈ A2 ∪ B2 not dominated
by {a1, c1}. On the one hand, suppose that y ∈ A2. By Claim B, y does not lie in the interior of the cycle a, a1, c1, a or in the
interior of the cycle a, a1, a2, a. Hence the vertex y lies in the exterior of the cycle a, c1, b, b2, a2, a. But then d(x, y) > 2,
contradicting diam(G) = 2. On the other hand, suppose that y ∈ B2. Then ymust lie in the interior of the cycle b, b1, b2, b
or in the interior of the cycle b, c1, b2, b or in the interior of the cycle a1, c1, b, b1, a1. But by Claim B, y does not lie in the
interior of any of these three cycles, a contradiction. Since both cases produce a contradiction, we deduce that d(v, A2) ≥ 2,
as desired. 
Claim J.3. d(a1, A2) ≥ 2.
Proof. We may assume that a2 ∈ A2. Suppose that a1 ∼ a2. We may assume that c1 lies in the exterior of a, a1, a2, a. By
Claim J.1, a2 6∼ b1. Hence since d(a2, b) ≤ 2 and a2 6∼ c1, there must exist a vertex in B\ {b1} adjacent to a2. Wemay assume
that a2 ∼ b2. By Claim I, b2 ∼ c1. By Claim J.2, b1 6∼ b2. Wemay assume that a2 lies in the exterior of the cycle b, b2, c1, b and
that a1 lies in the interior of the cycle a, a2, b2, c1, a. Thus, {a1, c1} is a TDS of G[{a, a1, a2, b, b1, b2, c1}]. Hence there exists a
vertex x ∈ A2∪B2 not dominated by {a1, c1}. On the one hand, suppose that x ∈ A2. By Claim B, x does not lie in the interior of
the cycle a, c1, a1, a or in the interior of the cycle a, a1, a2, a. Hence, x lies in the exterior of the cycle a, c1, b2, a2, a. But then
d(x, b1) > 2, contradicting diam(G) = 2. On the other hand, suppose that x ∈ B2. By Claim B, x does not lie in the interior
of the cycle b, b2, c1, b or in the interior of the cycle b, b1, a1, c1, b. Hence, x lies in the interior of the cycle b, b1, a1, a2, b2, b
and x ∼ a2. Since c1 is adjacent to neither a2 nor x, we contradict Claim I. Hence, a1 6∼ a2. 
Claim J.4. If v ∈ A ∩ N(b1), then d(v, A2) ≥ 2.
Proof. Suppose that d(v, A2) = 1 where v ∈ A and v ∼ b1. Renaming vertices, if necessary, we may assume that a2 ∈ A2
and a2 ∼ v. By Claim J.1, v ∈ A1, and so v ∼ c1. By Claim J.3, a1 6= v. If b lies in the exterior of the cycle a, a1, b1, v, a,
then by the planarity of G and by Claim B, the vertex a2 would lie in the interior of the cycle a, a1, b1, v, a and a2 ∼ b1,
contradicting Claim J.1. Hence, b lies in the interior of the cycle a, a1, b1, v, a. By Claim B, the vertex a2 lie in the exterior of
the cycle a, a1, b1, v, a. By Claim J.1, a2 6∼ b1, implying that d(a2, b) > 2, a contradiction. 
Wenowcontinuewith the proof of Claim J. By Claim J.1, Claim J.2, andClaim J.4, d(b1, A2) > 2, contradicting diam(G) = 2.
Hence, |C | ≥ 2. As established earlier, |C | ≤ 2. Consequently, |C | = 2. This completes the proof of Claim J. 
By Claim J, |C | = 2, and so C = {c1, c2}. Let A′ ⊆ A be the set of vertices in A adjacent to a vertex in B and let B′ ⊆ B be
the set of vertices in B adjacent to a vertex in A. Hence, A′ = {v ∈ A | d(v, B) = 1} and B′ = {v ∈ B | d(v, A) = 1}.
Claim K. |[A, B]| = 2 and |A′| = |B′| = 2.
Proof. We proceed by proving a series of claims.
Claim K.1. |[A, B]| ≥ 2.
Proof. Suppose that |[A, B]| = 1. Wemay assume that a1 and b1 are adjacent. By Claim B, every vertex of A \ {a1} and every
vertex of B \ {b1} is adjacent to a vertex in C .
Suppose that at least one of a1 and b1, say a1, is adjacent to both vertices in C . Suppose that |N(b1)∩ C | = 0. Since every
vertex of A is within distance 2 from b1, the vertex a1 dominates A. Since {a1, c1} is not a TDS of G, there exists a vertex in
B not dominated by {a1, c1}. We may assume that b2 is such a vertex of B. Since d(a, b2) = 2, there is a common neighbor
of a and b2. Since [A, B] = {a1b1}, this common neighbor of a and b2 can only be the vertex c2. Hence, b2 ∼ c2. By Claim A,
there exists a vertex in A not adjacent to c2. We may assume that a2 is such a vertex. But then d(a2, b2) > 2, contradicting
diam(G) = 2. Hence, |N(b1) ∩ C | ≥ 1. We may assume that b1 ∼ c1. By Claim A, there exist a vertex in B not adjacent to c1
and a vertex in A not adjacent to c2. We may assume that b2 6∼ c1 and a2 6∼ c2. But then, since [A, B] = {a1b1}, we have that
d(a2, b2) > 2, contradicting diam(G) = 2. Hence, neither a1 or b1 is adjacent to both vertices in C .
By Claim I, a1 is adjacent to exactly one vertex in C and b1 is adjacent to the other vertex of C . We may assume that
a1 ∼ c1 and b1 ∼ c2. By Claim A, there exist a vertex in A not adjacent to c1 and a vertex in B not adjacent to c2. We may
assume that a2 6∼ c1 and b2 6∼ c2. But then, since [A, B] = {a1b1}, we have that d(a2, b2) > 2, contradicting diam(G) = 2.
Consequently, |[A, B]| ≥ 2. 
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Claim K.2. |N(a′) ∩ B| ≤ 1 for every a′ ∈ A and |N(b′) ∩ A| ≤ 1 for every b′ ∈ B.
Proof. By symmetry, we need only show |N(a′) ∩ B| ≤ 1 for every a′ ∈ A. Suppose that there exists a′ ∈ A such that
|N(a′) ∩ B| ≥ 2. Let b1, b2 ∈ N(a′) ∩ B. We may assume that a′, b1, and b2 lie in the interior of the cycle a, c1, b, c2, a. We
may further assume, renaming vertices in B if necessary, that b1 lies in the interior of C ′: a, c1, b, b2, a′, a and thus b2 lies in
the interior of a, a′, b1, b, c2, a. Suppose that |N(a′) ∩ C | ≤ 1. We may assume that a′ 6∼ c2. By then by Claim I, b1 ∼ c2,
contradicting the planarity of G. Hence, |N(a′) ∩ C | = 2.
Suppose that there exists a vertex in A that is not adjacent to at least one of c1 and c2. We may assume that a2 is such a
vertex and that a2 6∼ c1. Since b1 lies in the interior of C ′, we have that b1 6∼ c2 andN(b1)∩A = {a′}. Thus since d(a2, b1) ≤ 2,
we must have that a2 ∼ a′. Hence every vertex of A is either adjacent to both c1 and c2 or is adjacent to a′.
By ClaimA, there exists a vertex in A that is not adjacent to c1. Wemay assume that a2 is such a vertex of A. Hence, a2 ∼ a′.
The vertex a2 therefore lies in the interior of the cycle C ′′: a, c1, a′, c2, a. Now, {a′, c2} is a TDS of G[A ∪ {a, b, b1, b2, c1, c2}].
Hence there must exist a vertex in B that is not dominated by {a′, c2}. We may assume that b3 is such a vertex. By the
planarity of G, the vertex b3 lies in the exterior of the cycle C ′′. But, b3 6∼ {c2, a′} and a2 6∼ c1, implying that d(a2, b3) > 2,
contradicting diam(G) = 2. 
Let C ′ be the cycle a, c1, b, c2, a.
Claim K.3. There exist exactly one edge from [A, B] in the interior of C ′ and exactly one edge from [A, B] in the exterior of C ′.
Proof. Suppose there is more than one edge from [A, B] in either the exterior or interior of C ′. Without loss of generality,
wemay assume that there are at least two edges from [A, B] in the interior of C ′. By Claim K.2, wemay assume that a1b1 and
a2b2 are two such edges in the interior of C ′. We may assume that a1 and b1 lie in the interior of the cycle a, c1, b, b2, a2, a.
By Claim I, either a1 ∼ c2 or b1 ∼ c2, contradicting the planarity of G. Hence there is at most one edge from [A, B] in the
exterior of C ′ and at most one edge from [A, B] in the interior of C ′. However since |[A, B]| ≥ 2, by Claim K.1, there exist
exactly one edge from [A, B] in the interior of C ′ and exactly one edge from [A, B] in the interior of C ′, as claimed. 
As an immediate consequence of Claim K.3, we have that |[A, B]| = 2. By Claims K.2 and K.3, we have that |A′| = |B′| = 2.
This completes the proof of Claim K. 
By Claim K, |A′| = |B′| = 2. We may assume that A′ = {a1, a2} and B′ = {b1, b2}. As shown in the proof of Claim K, we
may assume that a1 ∼ b1, a2 ∼ b2, and that a1 and b1 lie in the interior of the cycle C ′: a, c1, b, c2, awhile a2 and b2 lie in the
exterior of C ′. Since diam(G) = 2, every vertex in {a1, b1, a2, b2} is adjacent to at least one vertex of C . By renaming vertices
if necessary, we may assume that |A| ≥ |B|. Let t denote the number of vertices in {a1, a2, b1, b2} that are adjacent to both
c1 and c2.
Claim L. t ≤ 2.
Proof. Suppose that t ≥ 3. We may assume that each of a1, a2 and b1 is adjacent to both c1 and c2. Since d(a1, b2) = 2, the
vertex b2 is adjacent to at least one of c1 and c2. Without loss of generality, we may assume that b2 ∼ c2. By Claim A, there
exists a vertex in A that is not adjacent to c1 and there exists a vertex in B that is not adjacent to c2. We may assume that
a3 is such a vertex of A and that b3 is such a vertex of B. But then since [A, B] = {a1b1, a2b2}, we have that d(a3, b3) > 2,
contradicting diam(G) = 2. 
By Claim L, t ∈ {0, 1, 2}. We consider each of the three possibilities in turn.
Claim M. If t = 0, then G ∈ {F3,1, F3,2, F3,3, F3,4} ⊂ F3.
Proof. Suppose that t = 0. We show first that a1 and a2 have no common neighbor in C . Assume, to the contrary, that
a1 and a2 have a common neighbor in C . We may assume that N(a1) ∩ C = N(a2) ∩ C = {c1}. Since d(a1, b2) = 2 and
d(a2, b1) = 2, we have that N(b1) ∩ C = N(b2) ∩ C = {c1}. By Claim A, there exists a vertex in A that is not adjacent to
c1. We may assume that a3 is such a vertex of A. Since d(a3, b1) ≤ 2, we have that a1 ∼ a3. Hence, a3 lies inside the cycle
a, c1, b, c2, a. But then since a3 6∼ c1 and b2 6∼ c2, we have that d(a3, b2) > 2, contradicting diam(G) = 2. Hence, a1 and
a2 have no common neighbor in C . Similarly, b1 and b2 have no common neighbor in C . Without loss of generality, we may
assume that a1 ∼ c1 and a2 ∼ c2. By Claim I, b1 ∼ c2 and b2 ∼ c1. Thus for i = 1, 2, we have that N(ai) ∩ (B ∪ C) = {bi, ci}
and N(bi) ∩ (A ∪ C) = {ai, c3−i}.
If |A| = |B| = 2, then G = F3,1 ∈ F3, and we are done. Hence we may assume that |A| ≥ 3. Since d(a3, b2) = 2, a3 is
adjacent to at least one vertex in {a2, c1} and since d(a3, b1) = 2, a3 is adjacent to at least one vertex in {a1, c2}. By planarity,
a3 is adjacent to atmost one of c1 and c2. Hence, either a3 lies inside the cycle a, a2, c2, a and a3 ∼ {a2, c2} or a3 lies inside the
cycle a, a1, c1, a and a3 ∼ {a1, c1}. By symmetry, we may assume that a3 lies inside the cycle a, a2, c2, a and a3 ∼ {a2, c2}.
Suppose that |A| = 3. If |B| = 2, then G = F3,2 ∈ F3 and we are done. Hence we may assume that |B| = 3. Since
d(a1, b3) = 2, b3 is adjacent to at least one vertex in {b1, c1} and since d(a2, b3) = 2, b3 is adjacent to at least one vertex
in {b2, c2}. By planarity, b3 is adjacent to at most one of c1 and c2. Hence, either b3 lies inside the cycle a, a2, c2, a and
b3 ∼ {a2, c2} or b3 lies inside the cycle a, a1, c1, a and b3 ∼ {a1, c1}. Since d(a3, b3) = 2 and a2 6∼ b3, we have that b3 ∼ c2.
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Hence, by planarity, b3 6∼ c1. Thus since d(a1, b3) = 2, we have that b1 ∼ b3. Hence, b3 must lie inside the cycle b, b1, c2, b,
and so G = F3,3 ∈ F3.
Suppose that |A| ≥ 4. Then as observed earlier, either a4 lies inside the cycle a, a2, c2, a and a4 ∼ {a2, c2} or a4 lies inside
the cycle a, a1, c1, a and a4 ∼ {a1, c1}. By planarity, a4 lies inside the cycle a, a1, c1, a and a4 ∼ {a1, c1}. Consequently,
|A| = 4. Suppose that |B| ≥ 3. Since d(a3, b3) = 2 and a2 6∼ b3, we have that b3 ∼ c2. Since d(a4, b3) = 2 and a1 6∼ b3, we
have that b3 ∼ c1. Thus, b3 ∼ {c1, c2}, contradicting the planarity of G. Hence, |B| = 2 and G = F3,4 ∈ F3. 
Claim N. If t = 1, then G ∈ {F3,5, F3,6, F3,7} ⊂ F3.
Proof. Suppose that t = 1. We may assume that |N(a1) ∩ C | = 2 and that each vertex in {a2, b1, b2} is adjacent to exactly
one vertex in C . Without loss of generality, we may assume that a2 ∼ c1. Hence, by Claim I, b2 ∼ c2. Since d(a2, b1) ≤ 2, we
have that b1 ∼ c1. By Claim A, there exists a vertex in A that is not adjacent to c1. We may assume that a3 is such a vertex of
A. Since d(a3, b1) = 2, we have that a3 ∼ a1. Hence, a3 lies in the interior of the cycle a, c1, b, c2, a. Since d(a3, b2) = 2, we
have that a3 ∼ a2 or a3 ∼ c2. But, a2 lies in the exterior of a, c1, b, c2, a, and so a3 lies in the interior of the cycle a, a1, c2, a
and a3 ∼ c2.
Suppose that |A| = 3. If |B| = 2, then G = F3,5 ∈ F3 and we are done. Hence we may assume that |B| = 3. Since
d(a3, b3) = 2, we have that b3 ∼ c2. Since d(a2, b3) = 2, we have that b3 ∼ b2 or b3 ∼ c1. However by the planarity of G, b3
cannot be adjacent to both c1 and c2, and so b3 ∼ b2. Hence, b3 lies inside the cycle b, b2, c2, b and G = F3,6 ∈ F3.
Suppose that |A| ≥ 4. Since d(a4, b1) = 2, a4 is adjacent to at least one of a1 and c1. Since d(a4, b2) = 2, a4 is adjacent
to at least one of a2 and c2. Hence by the planarity of G, a4 lies inside the cycle a, a2, c1, a and a4 ∼ {a2, c1}. Consequently,
|A| = 4. Suppose that |B| ≥ 3. Since d(a3, b3) = 2 and a1 6∼ b3, we have that b3 ∼ c2. Since d(a4, b3) = 2 and a2 6∼ b3, we
have that b3 ∼ c1. Thus, b3 ∼ {c1, c2}, contradicting the planarity of G. Hence, |B| = 2 and G = F3,7 ∈ F3. 
Claim O. If t = 2, then G ∈ {F3,8, F3,9} ⊂ F3.
Proof. Suppose that t = 2. We show first that for i ∈ {1, 2}, at most one of ai and bi is adjacent to both vertices in C . It
suffices to show this for i = 1. Assume, to the contrary, that each of a1 and b1 is adjacent to both c1 and c2. We may assume,
without loss of generality, that a2 ∼ c1. Then, by Claim I, b2 ∼ c2. By Claim A, there exists a vertex in A that is not adjacent
to c1 and there exists a vertex in B that is not adjacent to c2. We may assume that a3 is such a vertex of A and that b3 is
such a vertex of B. But then since [A, B] = {a1b1, a2b2}, we have that d(a3, b3) > 2, contradicting diam(G) = 2. Hence, for
i ∈ {1, 2}, at most one of ai and bi is adjacent to both vertices in C .
Suppose that each of a1 and a2 is adjacent to both c1 and c2 or that each of b1 and b2 is adjacent to both c1 and c2, say
the former without loss of generality. Thus, {c1, c2} ⊂ N(a1) and {c1, c2} ⊂ N(a2). Since d(a2, b1) = 2, we have that b1 is
adjacent to c1 or c2. Hence since b1 is not adjacent to both c1 or c2, the vertex b1 is adjacent to exactly one of c1 or c2. We
may assume, without loss of generality, that b1 ∼ c1. By Claim A, there exists a vertex in A that is not adjacent to c1 and
there exists a vertex in B that is not adjacent to c2. Wemay assume that a3 is such a vertex of A. Since d(a3, b1) ≤ 2, we have
that a1 ∼ a3. Hence, a3 lies inside the cycle a, c1, a1, c2, a. Since d(a3, b2) ≤ 2, we have that a3 ∼ c2 and b2 ∼ c2. Hence,
b2 6∼ c1. By Claim A, there exists a vertex in A that is not adjacent to c2. We may assume that a4 is such a vertex of A. Since
d(a4, b2) = 2 and b2 6∼ c1, we have that a2 ∼ a4. By planarity, a1 6∼ a4. Hence since d(a4, b1) = 2, we have that a4 ∼ c1.
Thus, a4 lies inside the cycle a, a2, c1, a. Consequently, by planarity, |A| = 4. Suppose that |B| ≥ 3. Since d(a3, b3) = 2 and
a2 6∼ b3, we have that b3 ∼ c2. Since d(a4, b3) = 2, we have that b3 ∼ c1. Thus, b3 ∼ {c1, c2}, contradicting the planarity of
G. Hence, |B| = 2. Thus, G = F3,8 ∈ F3. Hence wemay assume that at most one of a1 and a2 is adjacent to both c1 and c2 and
that at most one of b1 and b2 is adjacent to both c1 and c2.
Now either each of a1 and b2 is adjacent to both c1 and c2 or each of a2 and b1 is adjacent to both c1 and c2. Without loss
of generality, we may assume the former. Thus, {c1, c2} ⊂ N(a1) and {c1, c2} ⊂ N(b2). Since d(a2, b1) = 2, we have that
N(a2) ∩ C = N(b1) ∩ C . We may assume, without loss of generality, that a2 ∼ c1 and b1 ∼ c1. By Claim A, there exists a
vertex in A that is not adjacent to c1 and there exists a vertex in B that is not adjacent to c1. We may assume that a3 is such
a vertex of A and that b3 is such a vertex of B. Since d(a3, b1) = 2, we have that a1 ∼ a3. Hence, a3 lies inside the cycle
a, c1, a1, c2, a. Since d(a3, b3) = 2, we have that a3 ∼ c2 and c2 ∼ b3. Hence, a3 lies inside the cycle a, a1, c2, a. Suppose that
|A| ≥ 4. Since d(a4, b3) = 2, we have that a4 ∼ c2. Since d(a4, b1) = 2, we have that a4 is adjacent to at least one of a1 and
c1. By planarity, a4 is not adjacent to both c1 and c2, and so a4 is adjacent to a1 and c2. But then both a3 and a4 lies inside the
cycle a, a1, c2, a and have a, a1 and c2 as three common neighbors, contradicting the planarity of G. Hence, |A| = |B| = 3.
Since d(a2, b3) = 2, we have that b2 ∼ b3, and so b3 lies inside the cycle b, b2, c2, b. Thus, G = F3,9 ∈ F3. 
Hence if |[A, B]| ≥ 1, then by Claims M–O, we have that G ∈ F3. This completes the proof of Theorem 4. 
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